Fluctuations of electric and magnetic fields in the collisionless plasma are found as a solution of the initial value linearized problem. The plasma initial state is on average stationary and homogeneous. When the state is stable, the initial fluctuations decay exponentially and in the long time limit a stationary spectrum of fluctuations is established. For the equilibrium plasma it reproduces the spectrum obtained from the fluctuation-dissipation relation. Fluctuations in the unstable two-stream system are also discussed.
of longitudinal electric field is obtained in Sec. V while the fluctuation spectra of magnetic and electric fields are derived in Secs. VI and VII, respectively. It then becomes clear why the analysis of longitudinal electric field is much easier than that of the general case. In Sec. VIII we extend our calculations to nonequilibrium anisotropic plasma, discussing fluctuations of longitudinal electric field in the unstable two-stream system. Our results are summarized and concluded in Sec. IX. Throughout the article we use the CGS natural units with c = k B = 1.
II. PRELIMINARIES
We consider a classical plasma where ions are assumed to be a passive background which merely compensate the charge of electrons. However, the ions can be easily included in the considerations. The time scale of fluctuations of interest is much shorter than that of inter-particle collisions, and consequently the starting point of our analysis is the collisionless transport equation of electrons ∂ ∂t + v · ∇ − e E(t, r) + v × B(t, r)) · ∇ p f (t, r, p) = 0 ,
where f (t, r, p) is the distribution function; E(t, r) and B(t, r) denote the electric and magnetic fields in the plasma. The transport equation (1) is supplemented by the Maxwell equations ∇ · E(t, r) = 4πρ(t, r) , ∇ · B(t, r) = 0 ,
∇ × E(t, r) = − ∂B(t, r) ∂t , ∇ × B(t, r) = 4πj(t, r) + ∂E(t, r) ∂t ,
with the electric charge density and current given as ρ(t, r) = −e d 3 p (2π) 3 f (t, r, p) + e n ions ,
j(t, r) = −e d 3 p (2π) 3 v f (t, r, p) .
The distribution function is assumed to be of the form f (t, r, p) = f 0 (p) + δf (t, r, p) ,
with f 0 (p) ≫ δf (t, r, p) ,
and
The transport equation linearized in δf is ∂ ∂t + v · ∇ δf (t, r, p) − e E(t, r) + v × B(t, r) · ∇ p f 0 (p) = 0 .
and ρ(t, r) = −e d 3 p (2π) 3 δf (t, r, p) ,
j(t, r) = −e d 3 p (2π) 3 v δf (t, r, p) .
III. INITIAL VALUE PROBLEM
We are going to solve the linearized transport equation (8) and Maxwell equations (2) with the initial conditions δf (t = 0, r, p) = δf 0 (r, p) , E(t = 0, r) = E 0 (r) , B(t = 0, r) = B 0 (r) .
We apply to the equations the one-sided Fourier transformation defined as
The inverse transformation is f (t, r) = ∞+iσ −∞+iσ dω 2π
where the real parameter σ > 0 is chosen is such a way that the integral over ω is taken along a straight line in the complex ω−plane, parallel to the real axis, above all singularities of f (ω, k). We note that
The linearized transport (8) and Maxwell equations (2), which are transformed by means of the one-sided Fourier transformation, read
One finds the solution of the transport equation as
A. Electric field Substituting the solution (17) into the Fourier transformed current (10) and using the third Maxwell equation (16) to express the magnetic field through the electric one, the current gets the form
Since the dielectric tensor ε ij (ω, k) in the collisionless limit equals [1] 
the current can be written as
Combing the third and fourth Maxwell equations (16), one finds
Substituting the current (21) into Eq. (22), one obtains
Denoting the matrix in left-hand-side of Eq. (23) as
the electric field given by Eq. (23) can be written down as
which is the main result of this section. When the plasma stationary state described by f 0 (p) is isotropic, the dielectric tensor can be expressed through its longitudinal and transverse components
where ε L (ω, k) and ε T (ω, k) are well known [7] to be equal to
The matrix Σ ij (ω, k), which then equals
can be inverted as
When the momentum distribution
Therefore, the first term in the right-hand-side of Eq. (25) vanishes and the electric field is found as
If the field is purely longitudinal,
Taking into account that
Eq. (32) can be rewritten as
Eq. (33) can be obtained directly by substituting the solution of transport equation (17) (with B = 0) into the first Maxwell equation. Then, the initial electric field does not show up.
B. Magnetic field
Using again the third Maxwell equation (16) to express the magnetic field through the electric one, Eq. (25) immediately provides
When the plasma stationary state is isotropic and (Σ −1 ) ij (ω, k) is given by Eq. (30), one finds
The first term in the right-hand-side of Eq. (34) vanishes, because v × B 0 (k) · ∇ p f 0 (p) = 0, and thus
The correlation functions of electric or magnetic fields,
2 ) ( · · · denotes averaging over statistical ensemble), are determined by the fields E(t, r), B(t, r) found in the previous section and the initial correlations δf 0 (r 1 ,
, and E i 0 (r 1 )B j 0 (r 2 ) which are discussed in this section. We identify the initial correlation function δf 0 (r 1 , p 1 )δf 0 (r 1 , p 1 ) with the correlation function δf (t 1 , r 1 , p 1 )δf (t 2 , r 2 , p 2 ) free taken at t 1 = t 2 = 0 of the system of free classical particles (obeying Boltzmann statistics) in a stationary homogeneous state described by the distribution function f 0 (p). As well known [7] ,
Then,
The correlation function k
And finally,
When the electric field is not purely longitudinal, the computation of the initial correlations
is more complicated, as the electric field E 0 (r) is not fully determined by δf 0 (r, p) but δf (t, r, p) enters here. To compute
, and
, we use the Maxwell equations transformed using the Fourier transformation not the one-sided Fourier transformation. Actually, the Fourier transformed Maxwell equations are very similar to the one-sided Fourier transformed Maxwell equations (16). The initial electric and magnetic fields are simply absent in the former ones. However, it should be clearly stated that the one-sided Fourier transformation is not mixed up with the Fourier transformation. The latter is used to compute only the initial fluctuations which are independent of ω.
Combing the third and the fourth Maxwell equation, one gets the equation as Eq. (23) but the terms with E 0 (k) and B 0 (k) are absent. Inverting the matrix in the right-hand-side of the equation, we get the electric field expressed through the current
The magnetic field is given as
The correlation function
As previously, we identify δf
Then
Computing k
one reproduces the result (41). Analogously to the correlation function E
Starting with Eq. (43), we obtain
Finally, one computes
V. FLUCTUATIONS OF LONGITUDINAL ELECTRIC FIELD IN ISOTROPIC PLASMA
We first consider a special case of purely longitudinal electric field in the isotropic plasma when the electric field is given by Eq. (32). Then,
Substituting the formulas of initial fluctuations (39, 40, 41) into Eq. (51), one finds
It appears that
and consequently Eq. (52) simplifies to
This equation could be easily obtained directly from Eq. (33) where the initial electric field is already eliminated. Taking into account that the electric fields are parallel to their wave vectors, and consequently k
Let us now compute E i (t 1 , r 1 )E i (t 2 , r 2 ) given by
Zeros of ε L (ω i , k i ) and of the denominators (ω i − k i · v + i0 + ) with i = 1, 2 contribute to the integrals over ω 1 and ω 2 . However, once the plasma system under consideration is stable with respect to longitudinal modes, all zeros of ε L lie in the lower half-plane of complex ω. Consequently, the contributions associated with these zeros exponentially decay in time and they vanish in the long time limit of both t 1 and t 2 .
We are further interested in the long time limit of E i (t 1 , r 1 )E i (t 2 , r 2 ) and then, the only non-vanishing contribution corresponds to the poles at ω 1 = k 1 · v and ω 2 = k 2 · v. This contribution reads
Keeping in mind that ε L (−ω, −k) = ε * L (ω, k) for real ω and k, it can be rewritten as
As seen, E i (t 1 , r 1 )E i (t 2 , r 2 ) ∞ given by Eq. (57) depends on t 1 , t 2 and r 1 , r 2 only through (t 1 − t 2 ) and (r 1 − r 2 ) and it can be written as
where the fluctuation spectrum
In the case of equilibrium plasma, the formula (59) provides the result which can be obtained directly by means of the fluctuation-dissipation theorem. Let us derive the result. Due to the identity
the imaginary part of ε L (ω, k), which is given by Eq. (27), equals
In equilibrium f 0 (p) ∼ e −βEp and ∂f
Using the expression (62), the formula (59) is rewritten as
which agrees with Eq. (51.25) from [7] which is obtained there in essentially the same way.
VI. FLUCTUATIONS OF MAGNETIC FIELD IN ISOTROPIC PLASMA
As seen in Eq. (36), the magnetic field in isotropic plasma is given by three terms. Therefore, nine terms enter the correlation function
. Substituting into these terms the initial fluctuations derived in Sec. IV, one finds after an elementary but lengthy and tedious analysis the following expression
We now compute B i (t 1 , r 1 )B j (t 2 , r 2 ) given by
Zeros of (ω
+ ) with i = 1, 2 contribute to the integrals over ω 1 and ω 2 . However, once the plasma system under consideration is stable with respect to transverse modes, all zeros of (ω
lie in the lower half-plane of complex ω. Consequently, the contributions associated with these zeros exponentially decay in time and they vanish in the long time limit of both t 1 and t 2 .
We further consider the long time limit of B i (t 1 , r 1 )B j (t 2 , r 2 ) and then, the only non-vanishing contribution corresponds to the poles at ω 1 = k 1 · v and ω 2 = k 2 · v. This contribution reads
.
It can be easily expressed as
where the fluctuation spectrum is
When both ω and k are real ε T (−ω, −k) = ε * T (ω, k). Therefore, the fluctuation spectrum can be rewritten as
One observes that the matrix function
which enters the correlation function (69), can be decomposed as
because the plasma is assumed to be isotropic. Comparing Eq. (71) to Eq. (70), one finds
Using the decomposition (71), the correlation function (69) can be written down as
For equilibrium plasma the correlation function B i B j ω k can be expressed in the form of fluctuation-dissipation relation. One first observes that due to the identity (60), the imaginary part of ε T (ω, k), which is given by Eq. (28), is
With the equilibrium distribution function, ℑε T equals
Consequently, the function M T (73) can be expressed through ℑε T (76) as
and finally,
Eq. (78) coincides with the formula (11.2.2.7) from [1] obtained there directly from the fluctuation-dissipation theorem.
VII. FLUCTUATIONS OF ELECTRIC FIELD IN ISOTROPIC PLASMA
The analysis of electric field fluctuations is much more complicated than that of the magnetic field. First of all, there are five terms which enter the formula of electric field given by Eq. (31), and consequently, the correlation function
includes 25 terms. The magnetic field is purely transverse and some terms automatically drop out but the electric fields have longitudinal and transverse components. Using the formulas of initial fluctuations, which are derived in Sec. IV, and patiently analyzing term by term, one obtains after an elementary but very lengthy calculation the correlation function of the form
We now compute E i (t 1 , r 1 )E j (t 2 , r 2 ) given by
+ ) with i = 1, 2 contribute to the integrals over ω 1 and ω 2 . However, once the plasma system under consideration is stable, all zeros of (ω
We further consider the long time limit of E i (t 1 , r 1 )E j (t 2 , r 2 ) and then, the only non-vanishing contribution corresponds to the poles at ω 1 = k 1 · v and ω 2 = k 2 · v. This contribution reads Due to the plasma isotropy, the expression, which enters the transverse contribution, can be further rewritten as
In the equilibrium plasma, the imaginary parts of ε L (ω, k) and ε T (ω, k) are given by the formulas (62, 76) and the fluctuation spectrum (84) can be expressed as
which for the longitudinal fields reproduces the formula (63). The result (86) agrees with Eq. (11.2.2.6) from [1] derived using the fluctuation-dissipation relation.
VIII. FLUCTUATIONS OF LONGITUDINAL ELECTRIC FIELD IN THE TWO-STREAM SYSTEM
Nonequlibrium calculations are usually much more difficult than the equilibrium ones. The first problem is to invert the matrix Σ ij (ω, k) defined by Eq. (24). In the case of longitudinal electric field, which is discussed here, it is solved trivially. We start with Eq. (23) projecting it on k and assuming that E and E 0 are purely longitudinal. Then, the matrix (24) is replaced by the scalar function.
Further, we neglect the first term in the r.h.s. of Eq. (23). This term vanishes in isotropic systems; it is of order e 2 higher than the second term; it is also expected to be small in nonrelativistic regime due to the smallness of particle velocity. So, there are good reasons to neglect it. Eliminating E 0 by means of the first Maxwell equation we obtain Eq. (33) which was previously derived for the case of isotropic plasma. In the following we consider fluctuations of longitudinal electric fields in the nonrelativistic two-stream system. The distribution function of the two-stream system is chosen to be
where n is the electron density in a single stream. To compute ε L (ω, k) we first perform integration by parts in Eq. (27) and then, substituting the distribution function (87) into the resulting formula, we obtain in the nonrelativistic approximation
IX. SUMMARY AND CONCLUSION
The calculations presented here show how to obtain a spectrum of electromagnetic fluctuations in equilibrium or nonequilibrium plasmas as a solution of an initial value problem. We first linearize the transport equation around the state which is on average stationary and homogenous. The linearized transport equation is solved together with the Maxwell equations by means of the one-sided Fourier transformation. The time dependent fluctuation spectrum is expressed through the fluctuations in the initial state. Electromagnetic initial fluctuations are determined by the initial fluctuations of the distribution function. The later are identified with the fluctuations in a classical system of noninteracting particles. We compute fluctuation spectrum of longitudinal electric fields in isotropic plasma, and then there are considered fluctuations of magnetic and electric fields. Our equilibrium results coincide with those obtained by means of the fluctuation-dissipation theorem. However, the method adopted here clearly shows how the system looses its memory and how the stationary equilibrium spectrum of fluctuations emerges. As an example of unstable systems, the fluctuations of longitudinal electric field in the two-stream system are considered. The fluctuation spectrum appears to be qualitatively different than that of the equilibrium plasma.
The scheme of calculation, which is worked our here in detail, can be applied to a variety of plasma nonequilibrium states. Our actual objective is, however, to generalize the scheme to study fluctuations in the quark-gluon plasma mentioned in the Introduction. Such a generalization is not quite trivial. The problem is that chromodynamic fields are, in contrast to their electromagnetic counterparts, gauge dependent, but physically meaningful correlation functions have to be gauge independent. A treatment of color charges needs to be different as well.
